The chord length probability density of the regular octahedron is explicitly evaluated throughout its full range of distances by separating it into three contributions respectively due to the pairs of facets opposite to each other or sharing an edge or a vertex.
Introduction
Small-angle scattering 1−3 (SAS) is a powerful tool to get information on the interface size and shape of a sample. In fact, the observed scattering intensity is the square modulus of the Fourier transform (FT) of n(r), the scattering density of the sample, or, equivalently, the FT of the convolution of n(r) by itself. In the SAS realm n(r) can fairly be approximated by a discrete value function that takes only two values in most of the cases. This approximation implies that the sample is either a bi-continuous or a particulate system. Confining ourselves to the second case, if one further assumes that particles have the same shape and size, that are isotropically distributed and that their number density is small (conditions fairly met in the case of biological samples), then the scattering density is proportional to the FT of the isotropic correlation function of the particle defined as γ(r) ≡ (1/4 π V ) dω ρ V (r 1 )ρ V (r 1 + rω)dv 1 .
(
Here ρ V (r) denotes the characteristic function of set V (having volume V ) occupied by the particle (i.e. it is defined as being equal to one inside the particle and to zero elsewhere). Further, the inner integral is performed over V (or the all space) and the outer integral over all the directions of the unit vectorω. As first pointed out by Debye et al. 4 , the right hand side of (1), suitably scaled, can be interpreted as the probability density that by randomly tossing a stick of length r both ends of the stick fall within the particle. This remark shows the stochastic meaning of γ(r). Consequently, SAS theory is intimately related to stochastic geometry 5 as well as to integral geometry 6 that aims to get general properties investigating suitable integrals over the particle volume or surface. Interestingly, the derivatives of γ(r) can be expressed as integrals over the particle surface 7, 8 and, in the case of convex particles, the first and second derivatives (after being appropriately scaled) can be interpreted as the probability densities for respectively finding the stick with one end or with both ends on the particle surface. The investigations of these integral relations yield some general result as the Porod 9 and the Kirste-Porod 10 relations as well as the particle surface features that yield discontinuous γ ′′ (r)s 11−13 .
These considerations illustrate the importance of determining the explicit expressions of γ(r), γ ′ (r) or γ ′′ (r) for specific particle shapes. In fact, these expressions were obtained in the cases of spheres 2 , cubes 14 , cylinders 15 , right parallelepipeds 16 , rotational ellipsoids 17 and regular tetrahedrons 18 . This paper goes one step further since it determines the chord-length probability density C(r) of another Platonic solid: the regular octahedron (see Fig.  1 ).
Basic integral expression
In order to evaluate C(r) one starts from the general integral expression of γ ′′ (r) obtained by Ciccariello et al. 7 , namely
Here S1 = S 2 = S and V respectively denote the surface and volume of the octahedron,ν 1 (r 1 ) [ν 2 (r 2 )] the unit normal (pointing outwardly to the octahedron) to the infinitesimal surface element dS 1 [dS 2 ] of S, located at the point with position vector r 1 [r 2 ]. The Dirac function δ(·), present in (2), requires that the distance between dS 1 and dS 2 be equal to r(≥ 0) sinceω denotes a unit vector which, according to the leftmost integral of (2), ranges over all the possible directions. Thus, at fixed dS 1 , the integrals over dω and dS 2 amounts to integrating over the curve resulting from the intersection of the sphere of radius r and centered at dS 1 with S.
To explicitly evaluate expression (2) it is convenient to account for the fact that S is formed by eight triangular faces. Thus, expression (2) reduces to a sum of terms having still the form of (2) but with the important changes that integration domains S 1 and S 2 are two facets of the octahedron. Clearly the only cases where S 1 and S 2 are different is important, otherwise the correspondent integrand vanishes becauseω is perpendicular both toν 1 and ν 2 . Then, for each couple (S 1 , S 2 ), the facets share an edge or a vertex or, in the negative case, they lie oppositely and the associated planes are parallel. In the last case, for conciseness, the facets will be said parallel. For each couple (S 1 , S 2 ), expression (2) defines a scalar r-function. Hence, whatever S 1 and S 2 , expression (2) takes the same form, denoted by γ E ′′ (r), if S 1 and S 2 share an edge. The same happens if S 1 and S 2 share a vertex or are parallel and the corresponding integrals will be denoted by γ V ′′ (r) and γ P ′′ (r), respectively. Thus, it results that
and the evaluation of γ ′′ (r) reduces to that of γ E ′′ (r), γ V ′′ (r) and γ P ′′ (r). The evaluations will be carried out in the following three sections assuming that the edge length ℓ of the octahedrons be equal to one. This assumption is by no way restrictive. In fact, if one respectively denotes by γ ′′ ℓ (r) and γ ′′ (r) the functions relevant to the octahedrons with edges equal to ℓ and 1, one has γ
The geometrical configuration relevant to γ E ′′ (r) is shown in Fig. 2 . Surfaces S 1 and S 2 respectively are the regular triangles ABC and ABD with unit sides. It is now put
The minimax distances 11 are
In terms of the axes shown in Fig. 2 , one has dS 1 = dx dz and dS 2 = dY dZ.
The integration domain of dS 1 (i.e. the triangle ABC) is defined by the inequalities Figure 2 : Cartesian frames used for evaluating the chord-length probability density (CLPD) contribution due to a couple of plane facets with a common edge.
and that of dS 2 by
with
Furtherν 1 = (0, −1, 0) andν 2 = (− sin α, cos α, 0). Withω = (ω x ,ω y ,ω z ) = (cos ϕ sin θ, sin ϕ sin θ, cos θ) one finds that
Since rω joins a point of ABC to a point of ABD, variable ϕ varies within the interval [α, π]. Then, putting ϕ ≡ ϕ ′ +(α+π)/2, it follows that −(π−α)/2 < ϕ ′ < (π − α)/2 and, hereafter denoting ϕ ′ as ϕ for notational simplicity, one gets
In terms of the present variables the Dirac function requires that
The x, Y and Z integrals are immediately performed and, taking into account that the Jacobian related to the Y variable is 1/ sin α, one finds that
where function Θ E (x,Ȳ ), depending on θ and ϕ, is equal to one ifx and Y obey inequalities (8a) and (9a) and to zero elsewhere. Similarly Θ z (Z) is equal to one or zero depending on whetherZ obeys inequalities (9b) or not. According to (13a)Z linearly depends on z. Then, the above z-integral is equal to
if the above quantity is positive otherwise it is equal to zero. It is now observed that each of the following transformations θ → (π − θ) and ϕ → −ϕ interchangesx withȲ and leaves expressions (12) and (15) invariant. Thus, (14) becomes
with the constraints
that will generally reduce the integration domain
to a smaller one. All the constraints must explicitly be reduced in order to get the explicit expression of γ E ′′ (r). To this aim we start from the constraints implicit in definition (15) . Putting
one easily shows that F E (r, θ, ϕ) becomes
and (µ − + cos θ) > (µ + − cos θ) throughout D E . Then, from equations (20) and (4) follows that F E (r, θ, ϕ) takes the forms
and
Constraints and integration domains
Before proceeding to the integral evaluation one must still reduce inequalities (17a), (17b) and (17c). The last requires that F E,A > 0 within D E,A and that
The inequalities depend on r and the same will happen for the associated domains that will be determined confining ourselves to D E and to the non-trivial r-domain [0,
Inequalities (17b) are fulfilled throughout D E if 0 < r < √ 2. Inequality F E,B (r, θ, ϕ) > 0 coincides withx(r, θ, ϕ) < H and is therefore obeyed throughout D E,F B ≡ D E,x . The reduction of the last inequality F E,A (r, θ, ϕ) > 0 yields the domain D E,F A (r) defined as
(32) if √ 3 2 < r < 1, and to
withθ
The γ E ′′ (r) expression is given by the sum of the following two expressions The shapes of these domains are shown in Fig. 3 in the four ranges of distances a, b, c and d, defined in the caption. The evaluation of the integrals is a long task that was made possible by the MATHEMATICA software. By these results the final γ E ′′ (r) expression is
,
Here suffices a, b, c and d specify the r-range where the expressions apply and the following definitions have also been used
4 Evaluation of γ V ′′ (r)
One passes now to evaluate the CLPD relevant to a pair of facets sharing a vertex. The configuration is shown in Fig. 4 that also shows the Cartesian frames used to work out the CLPD expression. The evaluation proceeds along the same route described in section 3. The integration domains S 1 = ABC and S 2 = CEF are defined by the inequalities with
The unit normals are ν 1 = (0, −1, 0) and ν 2 = (− sin α c , cos α c , 0) with α c ≡ (π − α). After putting θ = θ ′ + π/2 and ϕ = ϕ ′ + (π + α c )/2 (and denoting θ ′ and ϕ ′ again by θ and ϕ for notational simplicity) one finds that |θ| < π/2 and |ϕ| < (π − α c )/2 = α/2. The angular factor (ν 1 ·ω)(ν 2 ·ω) sin θ becomes
The Dirac function and the linearity of L V (x) makes the evaluation of the x, z, Y and Z integrals straightforward and γ V ′′ (r) takes the form
and a(θ, ϕ) ≡ cotgβ cos θ cos(ϕ + α c /2) sin α c ,
The integrand of (52) is invariant with respect to each of the following two transformations θ → −θ and ϕ → −ϕ. This explains the integration bounds reported in Eq. (52) and the omission of factor 4 at the denominator. Further, F V (r, θ, ϕ) must be positive and this condition will generally make the integration domain smaller than D V ≡ {0 < θ < π/2, 0 < ϕ < α/2}. Solving the inequalities implicit in (53) one finds that F V (r, θ, ϕ) is equal to
within the integration sub-domain
and to
Both F V,A (r, θ, ϕ) and F V,B (r, θ, ϕ) must be non negative. One easily verifies that 
Constraints and integration domains for γ V ′′ (r)
To determine the integration domains of F V,A (r, θ, ϕ) and F V,B (r, θ, ϕ) one must also require that the x and Y values, determined by the vanishing of the arguments of the Dirac function and equal tō 
The domain D V,x (r), where inequalities (65a) are fulfilled, is determined by curve Γ V,x (r), defined (where existing) as
and explicitly reads in the four r-ranges a, b, c and d
withφ V,x,± (r) ≡ α c /2 ± arcos( 2/3 r).
The D V,Y (r) domain, where inequalities (50b) are obeyed, in the four distance sub-ranges is
γ V ′′ (r) expression
Similarly to subsection 3.2, the γ V ′′ (r) expression is now given by the sum of the following two expressions
The shapes of these domains are shown in Fig. 5 in the four r-ranges a, b, c and d, defined in the caption of Fig. 5 . The integrals were evaluated by the MATHEMATICA. From these follows that the γ V ′′ (r) expression in the four r-ranges is
with the following definitions
5 Evaluation of γ P ′′ (r)
The last case of two parallel facets (see Fig. 6 ) is now tackled. With the Cartesian frames shown in the figure, facets S 1 = DEF and S 2 = ABC are defined by the following inequalities 
The unit normals are ν 1 = (0, 0, −1) and ν 2 = (0, 0, 1) so that the angular factor is
The integrand of γ P ′′ (r) is sin θ A P (θ)δ(r 1 + rω − r 2 ) with r 1 = (x, y, z) and r 2 = (X, Y, Z). The reflection with respect to the plane y = 0 leaves the configuration shown in Fig.6 invariant. Thus, the integrand is left invariant by the transformation ϕ → (2π − ϕ). Hence the ϕ integral can be restricted to the interval [0, π] provided the result be multiplied by two. The Dirac function fixes the values of θ, ϕ and Y as follows cosθ = h/r, cosφ = (X − x)/(r sinθ) (92) andȲ = y + r sinθ sinφ.
The integral over θ, ϕ and Y yields
where
The explicit evaluation of the y integral gives
It is convenient to consider the new integration variables (t, u), obtained by a rotation of −π/4 of (x, X), i.e.
The new integration bounds are
They are invariant with respect to the exchange t → −t which also implies that x ↔ −X. From definitions (98), (92b), (96), (99) and (100) follows that ∆, Θφ and F P (r, x, X) are left invariant by the reflection t → −t. Then (97) becomes
where the function symbols with the tilde denote the results of the variable change (101) on the corresponding functions without the tilde. The reduction of the inequalities implicit in theF P (r, t, u) definition leads to the following two expressions of the integrand (leaving aside the factor h 2 /πV r 3 ):
within the domain
(107) and
(109) Both D P,A (r) and D P,B (r) are subsets of the integration domain D V reported in (105). The above two integrands must be positively valued. Thus one finds that F P,A (r, t, u) > 0 within the domain
and that F P,B (r, t, u) > 0 within the domain D P,F B (r) that in four r subranges reads
Finally the condition | cosθ| < 1 requires that the listed domains depending on r be identified with the void one if r < h. In conclusion the final integration domain of F P,A (r, t, u) is 
its boundary is made up of plane facets. The two coefficients of the linear relation are related to the angularity and to the roundness of the particle surface. Further, the explicit expression of the angularity in terms of the edge lengths and the relevant dihedral angles is given by Eq. (4.4) of Ref. [7] and that of the roundness in terms of the dihedral and edge angles by Eq.s (1.7), (3.6), (3.7), (3.14) and (3.11) of Ref. [19] . One easily verifies that the linear coefficients that determine γ ′′ (r) in the r-range a coincide with the quoted expressions. Function γ ′′ (r) shows a finite discontinuity at r = 2/3 that originates from the discontinuity present in γ P ′′ (r). The discontinuity is due to the fact that parts of the opposite facets of the octahedron are each other parallel. As shown in Ref.s [12, 13] , the presence of a parallelism, at a relative distance d, between subsets of the particle surface is responsible for a discontinuity in γ ′′ (r). In the case of plane parallel surfaces of area S p and distant d, according to Ref. [12] , the discontinuity value is
In the octahedron case, S p is the area of the hexagon of side 1/3 (see the caption of this point it is not unreasonable to conjecture that the γ ′′ (r)s of all Platonic solids have an algebraic form and, recalling the parallelepiped result 16 as well as the result shown in the two-dimensional case for polygons 20 , the conjecture holds likely true for all polyhedrons.
